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Abstract
We de.ne a function d which is a distance in Post algebras. This distance is unique.
c© 2003 Elsevier Science B.V. All rights reserved.
MSC: 03G20; 03G05
Keywords: Post algebra; Distance
1. Introduction
If (B;∨; ·;′ ; 0; 1) is a boolean algebra and d :B2→B a boolean function de.ned by
d(x; y)=x′y∨ xy′, one can prove [2] that d is a distance in the space (B; d) i.e. it
holds:
(i) d(x; y)=0⇔ x=y,
(ii) d(x; y)=d(y; x),
(iii) d(x; z)6d(x; y)∨d(y; z).
for all x; y; z∈B, i.e. d is a distance.
The function d(x; y)=x′y∨ xy′ is the unique function satisfying conditions (i) and
(ii).
A generalisation of boolean algebras are Post algebras. The axioms and fundamental
propositions can be found e.g. in [1,3].
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Bordat [1] and Serfati [5] proved that for all elements a and b of a Post algebra P
it holds
a= b ⇔
r−1∨
i=0
aibi =0:
We give, in this paper, a natural proof of Serfati’s equivalence. This equivalence was
a motivation to introduce a function d :P2→P which is a distance in the space (P; d).
2. Preliminaries
Let P be an r-Post algebra, with underlying chain C={0=e0¡e1¡ · · ·¡er−1=1},
where r is an integer and r¿2. Let x∨y and xy denote supremum and in.mum of
the elements x and y. We shall use the following notation and results:
Theorem 1 (Epstein [2]). Every element x of P has a unique representation in dis-
junctive form
x=
r−1∨
i=0
xi ei;
where xi (Boolean elements, called Postian components of x) satisfy the orthonor-
mality conditions
r−1∨
i=0
xi =1 and i = j⇒ xixj =0: (1)
If x∈P and there exists an element Fx∈P satisfying the conditions
x∨ Fx=1 and x Fx=0
then Fx is called the complement of x.
The pseudo-complement x∗ of an element x∈P is de.ned as
x∗=max {y∈P | xy=0}:
One can prove x∗=x0 and (∀i∈{0; 1; : : : ; r − 1})(xi)0=xi.
Theorem 2 (Epstein [2]). For each i∈{0; 1; : : : ; r − 1}
(xk)r−1 = xk ; (xk)j =0 (0¡j¡r−1); xk =
r−1∨
i=0
i = k
xi: (2)
Let xi be denoted by xei .
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Theorem 3 (Epstein [2]). If f is a Post polynomial in n variables, then
f(x1; : : : ; xn)=
∨
(a1 ;:::;an)∈Cn
f(a1; : : : ; an)x
a1
1 · · · xann :
3. Results
Theorem 4. Let a and b be elements of Post algebra P. Then
a= b ⇔
r−1∨
i=0
(aibi ∨ aibi)= 0: (3)
Proof. Since every element x of P has a unique representation by boolean elements
xi, we have
a= b ⇔ (∀i∈{0; 1; : : : ; r−1})ai = bi:
The equality ai=bi is equivalent to aibi ∨ aibi=0 because p=q⇔ Fpq∨p Fq=0 for all
boolean elements p and q. Therefore we have
a= b ⇔ (∀i∈{0; 1; : : : ; r−1}) (aibi ∨ aibi =0);
i.e.
a= b ⇔
r−1∨
i=0
(aibi ∨ aibi)= 0
because p=0& q=0⇔p∨ q=0.
Theorem 5. Let a and b be elements of a Post algebra P. Then
r−1∨
i=0
aibi =
r−1∨
i=0
aibi =
r−1∨
i=0
aibi: (4)
Proof. Since
r−1∨
i=0
aibi ∨
r−1∨
i=0
aibi =
r−1∨
i=0
ai(bi ∨ bi)=
r−1∨
i=0
ai · 1=1
and (
r−1∨
i=0
aibi
)(
r−1∨
i=0
aibi
)
=0;
we conclude that the complement of
∨r−1
i=0 a
ibi is
∨r−1
i=0 a
ibi. Similarly, we conclude that
the complement of
∨r−1
i=0 a
ibi is
∨r−1
i=0 a
ibi too. Since the elements
∨r−1
i=0 a
ibi,
∨r−1
i=0 a
ibi
and is
∨r−1
i=0 a
ibi are boolean and the complementation is unique, we have (4).
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Corollary 1. Let a and b be elements of a Post algebra P. Then
r−1∨
i=0
(aibi ∨ aibi)=
r−1∨
i=0
aibi =
r−1∨
i=0
aibi: (5)
Proof. The proof follows from (4) and p=q⇒p∨ q=p.
Corollary 2 (Rudeanu [4]). If a and b are elements of a Post algebra then
a= b ⇔
r−1∨
i=0
aibi =0: (6)
Proof. From (3) and (5).
Corollary 3 (Rudeanu [4]). If a and b are elements of a Post algebra then
a= b ⇔
r−1∨
i=0
aibi =1: (7)
Proof. Note that elements
∨r−1
i=0 a
ibi and
∨r−1
i=0 a
ibi are boolean. The equivalence (7)
follows from (4), (6) and Fx=0⇔ x=1.
Denition 1. If x and y are elements of Post algebra P then
x + y=
r−1∨
i=0
(xiyi ∨ xiyi):
Remark 1. Bearing in mind Corollary 1, x + y can be de.ned by
x + y=
r−1∨
i=0
xiyi or x + y=
r−1∨
i=0
xiyi:
Remark 2. It is easy to check that x+0=0+ x=x0. If x is not boolean then x+0 =x
because x + y is Boolean for all x; y∈P.
Theorem 6. The function d :P2→P de.ned by d(x; y)=x + y satis9es the
conditions
(i) d(x; y)=0⇔ x=y,
(ii) d(x; y)=d(y; x),
(iii) d(x; z)6d(x; y)∨d(y; z)
for all x; y; z∈P, i.e. d is a distance.
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Proof. (i) follows from Theorem 4. (ii) is a restatement of De.nition 1. (iii) Since
yi ∨yi=1, we have
d(x; z) =
r−1∨
i=0
(xizi ∨ xizi)
=
r−1∨
i=0
(xizi ∨ xizi)(yi ∨yi)
=
(
r−1∨
i=0
(xi ziyi ∨ xiyi zi ∨∨ xiyizi ∨ xi yi zi)
)
6
(
r−1∨
i=0
(xiyi ∨ xiyi ∨yizi ∨yizi)
)
=
r−1∨
i=0
(xiyi ∨ xiyi)∨
r−1∨
i=0
(yizi ∨yizi)
= d(x; y)∨d(y; z):
Remark 3. It is easy to show that i =j⇒d(ei; ej)=1, because (em)n=1 for m=n and
(em)n=0 for m =n.
Denition 2. A mapping d :P2→P satisfying (i) and (ii) is called a semidistance; if,
moreover, d satis.es (iii), then it is said to be a distance.
Theorem 7. In a Post algebra the unique semidistance expressed by polynomial is
d(x; y)= x + y:
Proof. By Theorem 3, the function d is of the form
d(x; y) =
∨
(a1 ; a2)∈C2
f(a1; a2)xa1ya2
= a0;0x0y0 ∨ a0;1x0y1 ∨ · · · ∨ ar−1; r−1xr−1yr−1
= x0(a0;0y0 ∨ a0;1y1 ∨ · · · ∨ a0; r−1yr−1)
∨ x1(a1;0y0 ∨ a1;1y1 ∨ · · · ∨ a1; r−1yr−1)
· · ·
∨ xr−1(ar−1;0y0 ∨ ar−1;1y1 ∨ · · · ∨ ar−1; r−1yr−1): (8)
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Since d(x; y)=0⇔ x=y and xi · xj=0 for i =j we have
d(x; x)= a0;0x0 ∨ a1;1x1 ∨ · · · ∨ ar−1; r−1xr−1 = 0 (9)
for every x∈P. Let xj=1 (j∈{0; 1; : : : ; r−1}) and xi=0 for i =j. Then, by (9),
0=d(x; x)= aj; j1= aj; j;
i.e. aj; j=0 for all j∈{0; 1; : : : ; r−1}.
We shall prove that ai; j=1 if i = j. Let xi=1 and xk =0 for all k = i. Let yi=a∗i; j,
yj = a∗i; j and y
k =0 for all k = i, j. Then, by (??), d(x; y) = 1 · (ai; ia∗i; j ∨ ai; ja∗i; j) = 0 ·
a∗i; j ∨ 0= 0. Therefore x= y, hence a∗i; j = yj = xj =0, that is ai; j =1. Now d(x; y) can
be written as
d(x; y) = x0(y1 ∨y2 ∨ · · · ∨yr−1)
∨ x1(y0 ∨y2 ∨ · · · ∨yr−1)
· · ·
∨ xr−1(y0 ∨y1 ∨ · · · ∨yr−2):
= x0y0 ∨ x1y1 ∨ · · · xr−1yr−1
=
r−1∨
i=0
xiyi = x + y:
Corollary 4. In a Post algebra the unique distance expressed by polynomial is
d(x; y)= x + y:
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